The present research work is considered as part II of the previous work entitled [Plane Symmetric Solutions to the Nonlinear Spinor Field Equations in General Relativity Theory, jmp, 2019Theory, jmp, , 10, 1222Theory, jmp, -1234. Here, we opt for the static spherical symmetric metric. In this metric, we have obtained spherical symmetric soliton-like solutions to the spinor field equations with nonlinear terms, which are arbitrary functions of
( ) 2 2 5 P I P iψγ ψ = = , taking into account the proper gravitational field of elementary particles. Equations with power and polynomial nonlinearities are investigated in detail. It is shown that the initial set of the Einstein and spinor field equations with a power-law nonlinearity possess regular solutions with a localized energy density of the spinor field only if we consider massless particle without losing the generality (m = 0). In this case, a soliton-like configuration has negative energy. In order to define the role of the nonlinearity and the own gravitational field of the elementary particles in this model, we have obtained exact static symmetric solutions to the above spinor field equations in the linear case by considering Dirac's equations and in flat space-time. It is proved that soliton-like solutions are absent in the linear case. But in flat space-time soliton-like configurations exist and have positive total energy.
Introduction
The soliton as regular, localized energy density, finite total energy and stable solutions of nonlinear differential equations, is widely used in pure science. In the theory of General Relativity, this topic is dealt by many authors in various research works. The type soliton solutions are used to describe the structure of the elementary particles configuration. A. Adomou and G. N. Shikin [1] have obtained exact plane-symmetric solutions to the spinor field equations with non- . It is demonstrated that the static plane symmetric metric doesn't convenient to obtain the soliton-like solutions with finite quantities of the total charge and the total spin. Therefore, they concluded that the consideration of the own gravitational field of the elementary particles and the nonlinearity of the spinor field in the lagrangian density are not sufficient in order to describe the configuration of elementary particles. The geometric properties of the metric must be taken into account. That is why, in this present study, considering the nonlinearity of the spinor field, the own gravitational field of elementary particles and changing the geometrical properties of the metric, we have extended the results initiated in [4] to exact spherical symmetric solutions. Journal of Applied Mathematics and Physics
The introduction represents Section 1 which generalizes the previous studies on the soliton model for the configuration of elementary particles in the gravitational theory. Note that the rest of this paper is organized as follows. Section 2 deals with basics nonlinear and gravitational fields equations and their general solutions. Then, taking into account the proper gravitational field of the elementary particles, we have solved nonlinear Dirac's and Einstein's equations.
We have also analyzed the general solutions obtained for concrete nonlinear terms in the spinor lagrangian in Section 3. The paper is ended by the conclusion which represents Section 4 where we summarize our results and the perspectives of our research work in the future.
Basics Fields Equations and General Solutions
We choose the lagrangian of the self-consistent system of spinor and gravitational fields in the form [1] :
where R is the scalar curvature,
G is Newton's gravitational constant, N L is the nonlinear part of the spinor lagrangian and describes the self-interaction of the spinor field.
an arbitrary function depending on the invariant ( )
For a static spherically symmetric system an appropriate metric is considered under the form
here the velocity of light C is taken to be unity in geometric unity. In our study, the metric functions, α , β and γ are functions depending on the single spatial variable 1 r ξ = , where r stands for the radial component of the spherical symmetric metric, and obey the harmonic coordinate condition:
Let us now formulate the requirements to be fulfilled by soliton like-solutions.
These are:
-stationarity (applied to metric (2)), i.e., The general form of Einstein equation is:
where G ν µ is the Einstein's tensor; R ν µ is the Ricci's tensor; ν µ δ is the Kronecker's symbol and T ν µ is the metric energy-momentum tensor of the spinor field.
Taking into account the metric tensor g µν , the larangian (1), the variational principle and usual algebraic manipulations, we obtain the nonzero components of the Einstein's tensor G ν µ which represent the Einstein's field equations for the metric (2) under the harmonic coordinate condition (3) [6] :
here prime (' ) denotes differentiation with respect to ξ .
Variational method applied to (1) with respect to spinor fields ψ and ψ leads to nonlinear spinor field equations [7] ( ) 0,
The corresponding metric energy-momentum tensor of the spinor field is ( )
Using the spinor field Equations (9) and (10), Sp L can be rewritten under the form ( ) ( )
Taking into account the expression obtained previously in (14), let us write explicitly the nonzero components of the tensor T ν µ : 
where µ Γ are the spinor affine connection matrices.
In curved space-time, the matrices µ γ are defined in the following way.
From the equalities According to the Einstein's convention, we find ( )
Taking into account the obtained expression for µ µ γ Γ (22), the Equations (9) and (10) may be rewritten as follows ( ) 
Using the set of Equations (25)-(28), we define the functions S ψψ = ,
, by a first-order equations as follows ( )
The previous equations system has for solution ( ) The previous equation can be transformed into a Liouville equation [5] , to produce the solutions: 
where K and B are integration constants.
The function T has the form ( )
where h and 1 ξ are integration constants.
Using the expressions (36) and (37), we find from the harmonic coordinate condition (3), the following expression of the metric function ( )
We also define the relations between the metric functions α , β and γ as follows
Equation (6) being the first integral of (5) and (7), is a first order differential 
Setting a concrete form of the function ( )
Note that, in the unified nonlinear spinor theory of Heisenberg, the massive term is absent, and according to Heisenberg, the particle mass should be obtained as a result of quantization of spinor prematter. It should be emphasized that in the nonlinear generalization of classical field equations, the massive term does not possess the same significance that it possesses in the linear one, as it by no means defines total energy (or mass) of the nonlinear field system [9] . Journal of Applied Mathematics and Physics
Let us now resolve Equations (25)-(28) in more compact form in order to obtain a concrete form of the functions V δ . In this perspective, when we take 
The Let us transform the set of first-order Equations (48)-(51) to the system of second-order differential equations. Differentiating Equation (48) 
By combining (52)-(53) and setting 4 3 U W W = + , we obtain the following second-order differential equations obeyed by U:
The Equation (54) is reduced to ( ) ( )
under the condition ( ) ( ) ( ) ( ) ( ) ( )
where 1 a and 1 b are integration constants.
Solving analogously the Equations (50) and (51), we obtain the following expressions for 
Analogously operating on the relations (62)-(66) leads to the functions ( ) 
In the following paragraph, we will determine the solutions of the equations, taking the concrete analytics forms of the nonlinear terms.
Results and Discussions
In this section, we shall analyze the general results obtained in the previous sec- We opt for the following polynomial form as follows:
where λ is nonlinearity parameter and n power nonlinearity. It is convenient to separately analyze the two cases 1 n = and 1 n > . 
From (15), the expression of the energy density 0 When 2 λ = −Λ , from (42), we have ( ) ( )( )
From (15), the energy density 0 0 T has the following expression
We conclude from (93) that the energy density of a nonlinear spinor field is negative and is localized in space. As for the distribution of the spinor field 1 2 1 e sin , 4 3 cosh
,
The total energy is defined by
The obtained solutions describe a nonlinear spinor field configuration with We obtain from (23) The system of Equations (111)-(114) has the solutions ( ) ( ) 
The configuration is static. With this assumption, only one component 0 j is different to zero. The another components of the current vector 1 j , 2 Note from (135) that the spin tensor of the spinor field has a finite value.
Conclusion
Taking into account the proper gravitational field of elementary particles, the solutions that we have obtained in this research work are soliton-like solutions.
They are regular with a localized energy density and limited total energy. The The future work will generalize and will improve the previous studies.
